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1. INTRODUCTION 
In the first part of this paper, we extend to the theory of heat conduction the concept of boundary 
condition with memory studied in [1]. In this context, this means that at each point on the 
boundary we assume 
/ q(t).  n = MO(t) + M(t - T)O(-r) d~-, (1.1) 
where q is the heat flux vector, 0 the relative temperature, and n the unit outward normal to the 
boundary. M and /~/ denote characteristic coefficients of the physical nature of the boundary. 
This equation generalizes the boundary conditions considered in [2]. It takes into account he 
hereditary effects on the boundary similar to those studied by Gurtin and Pipkin in [3] (see 
also [4]). Equation (1.1) enables us to describe a boundary that can absorb heat and that, 
thanks to the hereditary term, can retain part of it. 
The aim of this paper is to establish some theorems of existence, uniqueness, and asymptotic 
stability for the differential (linear) problem of heat conduction in a rigid body by using (1.1) as 
boundary condition. In this context, we provide in Section 2 a statement of the second law of 
thermodynamics in order to take into account he dissipation effects on the boundary. Then we 
derive in Section 3 the restrictions imposed by the second law on the relaxation function 2~/. On 
the basis of these restrictions, in the last section we obtain theorems of existence, uniqueness, 
and asymptotic stability. 
2. BASIC EQUATIONS 
Consider a rigid body that occupies the region f~ of the Euclidean three-dimensional space and 
is bounded by the piecewise smooth surface Off. The body fl is referred to a fixed system Ox~ 
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of rectangular axes. We consider the linear theory of the heat conduction in rigid body R. We 
assume that the mass density p is constant. Without loss of generality, we take p = 1. The 
fundamental system of field equations consists of the energy equation 
= -V .  q + r, (2.1) 
and the constitutive quations 
e = aS, q = -kVS,  (2.2) 
where e and r are the internal energy per unit mass and heat supply, respectively; while a and k 
are constitutive coefficients. 
In the linear approximation, the second law of thermodynamics for the entire body ~, can be 
written in the form 
~iTdx+fo  iladG>_fof Oqe.nda-~rOdx,  (2.3) 
where U is the internal entropy density, ~/~ is the surface entropy density, and q~ is the external 
heat flux. 
Let qC be the constitutive heat flux. For any x • coR, we have from the balance of the heat 
flux 
q(x , t ) -  n = qC(x, t ) -n  + qe. n, x • 0R. (2.4) 
Many different ypes of boundary conditions are suggested in applications. When there exists 
a heat transfer between the body and the surrounding medium, a possible constitutive relation 
for qC is given by 
qC(x, t) . n = H (T - To) = go  on 0R x I, (2.5) 
where H is a prescribed positive constant. The coefficient H is called the exterior conductiv- 
ity. The condition (2.5) is referred to as Newton law or radiation boundary condition (cf. [2]). 
Moreover, in calorimetry, it frequently happens that the boundary condition (2.5) is replaced by 
qC. n = a8 +/38 on OR x I, 
where a, j3 are prescribed (cf. [2, pp. 16,205,264]). Thus, we are led to consider the problem of 
heat conduction with hereditary boundary condition associated with the point x • cOR 
jr0 °° 
qC(t) • n = MoO(t) + 1VI(s)O(t - s) ds, (2.6) 
where M0 and M are characteristic coefficients of the boundary. In what follows, we assume the 
constitutive quation (2.6) with fading memory. This fact implies that M • LI(0, c~)n L2(0, c~) 
(see [4]). 
The boundary condition (2.6) represents an extension to the mathematical theory of heat 
conduction of the concept of boundary condition with memory introduced by Fabrizio and Morro 
in [11. 
Now we introduce the function 
j•0 
8 
M(s) := Mo + M(T) dT, s • [0, cx~). 
In the view of the hypothesis made on 11)/, there exists the limit 
j•0 
°° 
lira M(s) = Mo + A/I(~-) dT := M~ 
and it is finite. 
A Differential Problem 97 
3. THERMODYNAMIC RESTRICT IONS 
Taking into account (2.1) and (2.4), the equation (2.3) can be written in the form 
/~)dX+/onibdcr>-/of~0q'nda-/on0qC'ndcr-J[~ rOdx 
: - ~ (Oe-q"  VO) dx -  fonOqC'ndm 
(3.1) 
In what follows, we assume that (3.1) holds for every subbody A of f~. By a subbody, we mean a 
subset A of f2 such that the region occupied by A is regular in the sense of Kellogg. We denote 
by ,4 the set of all subbodies. Then, from (3.1) on any subbody A, we obtain the following local 
form of the second law: 
//>_ -0e  + q.  V0, Vx • f~, //o > -0q  c . n, Vx e 0fL (3.2) 
REMARK 1. The constitutive quations (2.2) are consistent with (3.2)1 under the only hypothesis 
that the tensor k is positive semidefinite. 
Let us study the restrictions imposed by the second law on the coefficients M0 and M of 
the constitutive quation (2.6). We introduce the state s(t) = (O(t),Ot), at instant t, where 
Or(s) = O(t - s), s c [0, co). From (2.6), we have qC(t) -n  = ~f(s(t)). If we introduce the 
thermokinetic process 71 p : [0, dp) ---+ R, dp E It{ +, in the following form: 
~p(t + ~) = o(t + ~), ~ e [0, dp) (3.3) 
we can determine the state at instant t + dp by means of the function ~, called state-transition 
function (see [4]), defined by 
s (t + dp) = ~(s(t),~P) = (0 (t + dp),Ot+d,). (3.4) 
A cyclic process is the ordered array (s(t), 7rp) such that -~(s(t), TrP) = s(t). 
LEMMA 3.1. Assume that (3.2)2 holds. Then 
fo d" O(t + 7-)qC(t + 7)- ndT- > 0 (3.5) 
for any cyclic process. 
PROOF. From the relation (3.2)2, the proof is trivial. | 
In what follows, we assume that in (3.5), the equality holds if and only if the process is 
reversible. 
For the equation (2.6), with the state s(t) = (O(t), 0 t) and the process (3.3), the cyclic processes 
are only those for which the state is represented by a periodic history and the process 71 "p by one 
or more periods of the time derivative of the history. If we choose the state 
s(t) = (o(t) cos~t, o(t )cos~(t  - s)) (3.6) 
and the process 
~p(~) = -~o( t  + ~) cos ~(t  + ~), 
then (s(t), rrP) is a cyclic process. 
(3.7) 
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namics if and only if 
Mo >_ O, Moo>O, Mo + M(s) eoswsds > O, VwER. (3.8) 
PROOF. We consider the cyclic process (3.6),(3.7) and substitute in (3.5). Then, we have 
f2, , /~ ( O< O(t + r)cosw(t + r) MoO(t + r) cosw(t + r) JO 
/0 ) + .~/i(s)O(t + T -- S) COS w(t + T -- S) ds dt (3.9) 
r ( /o ) = 02( t+r)cos2w(t+r)  Mo+ ~I(s)coswsds dr. ,Io 
It follows from (3.9) that 
M. ~IARLETTA 
The constitutive quation (2.6) is compatible with the second law of" thermody- 
~0 °° 
Mo + l~(s) coswsds > O, Vw C R. (3.10) 
If we take w = 0, then we obtain Moo > 0. By using the Riemann-Lebesgue theorem, we find 
that 
lira Mo + M(s)coswsds = Mo >_ O. 
Now we prove that the conditions (3.8) are sufficient. Let us consider a cyclic process (s(t), ~rp) 
such that s(t + T) = s(t). It follows that 0 t+" (r E [0, T D is a periodic function, with period T. 
21r If we put w = ~-, then we can write (by the Fourier series) 
ot+'(s) = ~ [c~kcoskw(t + r - s) + ~ksenkw(t + r - s)] 
k=0 
and consequently we have 
( /o ) O(t+r )q¢( t+r ) .ndr=~r  (a~+fl~) Mo+ M(s)cos~sds , JO OJ k=l 
which implies, by means of (3.8), the inequality (3.5). 
4. EX ISTENCE,  UNIQUENESS,  AND STABIL ITY  
Consider the problem of heat conduction characterized by the equations (2.1),(2.2). Thus, the 
function 0(x, t) ((x, t) E ft x [0, e~) -= Q) satisfies the equation 
00 
a -~ = V.  kV0 + r, on Q (4.1) 
and the boundary condition 
/0 q(x,t) -  n(t) = Mo(x)O(x,t) + M(x,s)Ot(x,s)ds, (x,t) E 0a x [0, oo), (4.2) 
where M0 and/~/ are continuous functions on ft and satisfy the conditions (3.8) with h;/(x,-) E 
L 1 (0, c~). Finally, we consider the initial conditions 
0(x, 0) = O0(x), x E ~; 0(x, r) = 0t (x, T), (X, T) e COf~ X (--OO, 01, (4.3) 
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where 00 and 01 are prescribed functions which satisfy the compatibility condition 
00(x) = 01(x, 0), x E cq~. (4.4) 
In view of (4.3)2, the boundary condition (4.2) can be written as 
/o q(x,t) := q(x,t) • n(t) = Mo(x)O(x,t) + M(x,s)Ot(x,s)ds + qo(x,t), (4.5) 
where 
F qo(x,t) = M(x,s)Ot(x,t - s)ds. (4.6) 
In what follows, we assume that 01 = 0, so that qo = 0. 
We now introduce the Hilbert spaces 
~(Q) = {0 E L 2 ([0, oo) ;H I (~ ' / ) )  , kV0-n  = MoO + M * 0 on 0~} 
(4.7) 
]C(Q) = H 1/2 ([0, ~) ;  L2(a)) n ~(Q), 
where * denotes the Laplace convolution product. 
Consider the space /C(Q) of the Fourier transforms of the functions of )C(Q). It follows 
that, if ~ E K~(Q) and ~(x,w) = ~ f-~ooe-i~t~( x,t) dt is its Fourier transform, then ~ E 
L2((-oc, oo); H1 (fl)), and iw~-  ~o is the Fourier transform of a function belong to H1/2([0, oc); 
L2(fl)), where ~0(x) = lim,~0+ ~(x, t). We now denote by 7~(Q) the set of the Fourier transforms 
of the functions of ~(Q). 
DEFINITION 4.1. We say that 0 E 1C(Q) is a weak solution of the problem (4.1),(4.3),(4.5) with 
r E L2([0, oo); H- I (~) )  and Oo E Hl(fi), ifO(x,O) = 00(x ) a.e. in ~ and 
j[oo ,f~, (aOcp 4-k~O. ~p-r9~ ) dxdt4- L °° Lfi (MOON LtY/l(s)Ot(s)ds)9~dcrdt=O, (4.8) 
tbr any ~ C K(Q). 
By using the Plancherel-Parseval theorem and the identity 00 = ±~ f-~oo 0(~) dw, we conclude 
the equality (4.8) is equivalent to 
/-~c~/a [iwa'ff~*4-kV'O, Xy~*-('~+ aOo)9*] dxda, 4-/_~ J;n (M04- -~)0~* dcrd~=O (4.9) 
or 
+ 27r aOo~o dx 4- M0 4- 09* dcr dw = 0, (4.10) 
oo ~2 
where ~* denotes the complex conjugate of ~. 
A 
REMARK 2. In view of the Plancherel-Parseval theorem, we have that a function 0 E/C(Q) is the 
Fourier transform of a weak solution of the problem (4.1),(4.3),(4.5) if and only if satisfies (4.9) 
for any ~ E/C(Q). 
P~EMARK 3. Any function ~ which satisfies (4.9) has the property that for any fixed w E R, the 
function O(-,w) E ¢9~(fl) = {0E HI(f~): kV0"(w) • n -= (M0 + ]~/)0} satisfies the identity 
J~ [iwaO~* +kVO(w).V~*(w)-(~(w)+aOo)~*] dx+ L~ (Mo+~)O~*dcr=O (4.11) 
for any ~(.,w) E ~)w(fl). 
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Now we consider the operator A~ : ~5~(f~) --, H - I (Q)  defined by 
A~O= iwaO- kV20 ". (4.12) 
A A ~ 
Let us consider the bilinear form bw(01, 02) = (A~01, 02). We have 
bw (0"1,02) = ~ [-io3aOlO~ • k~O'l" ~0"~] dx n 1- foil (MO ~ "~) ~'1~'~ do (4.13) 
_ cll/VOlll IlVO211 + C2l/OlJJ 11o211 + oall'O, lloallo2lloa, 
where Ca, C2, C3 are positive coefficients which are depending by ca. Moreover, 
Rebw<O,O) >_c4f~ V0~2dx+g5j~o 0~2d~, <4.14) 
where C4 = infxea [k[, 6'5 = infxeoa IM0 + Mc(w)[. We can note that C4 and Cs, in view of the 
hypothesis on k and by (3.8), are positive. 
Thus, in this context we have that the operator A~ is elliptic and coercive in ~o(f~). 
LEMMA 4.1. The differential problem expressed by (4.11) has a unique solution "0 E q~(f~) for 
any ~ E H-l(f~). 
PROOF. The integral identity (4.11) can be written in the form 
where l(~) = fn (~-  aOo)~*dx. The conclusion follows on the basis of coercivity of b~o and the 
Lax-Milgram theorem. | 
REMARK 4. Since the coefficients of equation (4.11) depend on ca with continuity, we obtain 
(see [5, Lemma 44.1]) the continuous dependence of the solution 0" on w. 
Let us consider the Green operator G(ca) : H- l(gt) ~ ~5~(ft). Then the solution 0" can be 
expressed in the form 
0"(x, w) = - ~ G (x, x', ca) [~'(x', ca) - aO (x')] dx'. (4.16) 
The function of Green, G(x, x ~, w), satisfies, for any ca E R, the equations 
i~aG (x, x', ca) - kV2G (x, x', w) = 6 (x - x') (4.17) 
k a(x,x,,ca) + ( -0  + G (4.18) 
where 6 is the Dirac delta. 
LEMMA 4.2. The function of Green G(x, x ~, w) satisfies the asymptotic condition 
lim iw f faG (x, x ' ,w)Oo(x)~(x ' ,ca)dxdx'= lim f Oo(x)~(x,w)dx (4.19) 02 ---~ -t- OO ~ ~ CO--*00 dfl 
for any ~b E ~.(Q), Oo E H I (f~). 
PROOF. We multiply (4.17) with 00 E Hi(O) and ~ E (b~(~), and integrate on f~ x f~. Then, we 
obtain (in view of (4.18)) 
fn fn icaaG (x, x', ca ) Oo( x )~',b (x', ca ) dx dx' 
- ~ af ~ kG (x ,x ' ,w)V00(x)V¢(x ' ,ca)dxdx'  = ~ 00(x)¢(x,w)dx. (4.20) 
The limit of (4.20) as ca ---* c~ implies the desired result. | 
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We are now in position to prove the main result. 
THEOREM 4.1. I f r  • L2([0, ~) ;  H-z(~)) ,  00 • HI(~),  then there exists a unique weak solution 
0 • ~(Q). 
PROOF. We multiply (4.16) with (iw~(x',w) -~(x ,  0))* and integrate on ~. Then, we take the 
limit for w -~ +c~. Taking into account (4.19) and the fact that r • L2( ( -~,  co); H - I (~) ) ,  we 
obtain 
iim 
w---.Zr-oO 
/O(x ,  w)~(x, w) dx = f~ aG x', (x') ~(x, dx (x, 00 
J~2 
(4.21) 
1 £ )~( 
= lira :-- 00(x x,w) dx. 
oa--~oo ?~W 
The hypothesis of continuity in w of the solution 0(x,w) and the condition (4.21) implies that 
0"E L2((-cx~, oo); L2(~)). It follows from (4.10) that ~'0 c L2((-c~, c~); L2(~)) so that (ia;0"- 
00)0" E L2((-oo, oo); L2(~)). Thus, 0 E ~(Q) satisfies (4.9). On the basis of Remark 2, we obtain 
the existence of the solution. The uniqueness follows from (4.9) if we take 0 = ~ and r = 0, 
00 = 0. In this case we obtain 
If we take the real part, then we have 
By using the condition (3.9), we get 
vg  = 0, (x, ~) e a × ( -~,  ~) ,  g = 0, (x, ~) e oa  × ( -~,  ~)  
so that 0 :0  on ~ x (-oo, (x~). 
REMARK 5. From Theorem 4.1, we conclude that if r E L2([0, cx~); H-I(Ft)),  then the solution 0, 
which must belong to K:(Q) and then to H1/2([0, co); L2(~)), tends to zero when t ~ 0o. Thus, 
we have proved the asymptotic stability of the solution. 
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